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ITERATED LINE INTEGRALS OVER LAURENT SERIES FIELDS OF
CHARACTERISTIC P
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Ambrus Pal

Abstract. — Inspired by Besser’s work on Coleman integration, we use [-mbdules to define
iterated line integrals over Laurent series fields of characteristic p taking values in double cosets
of unipotent n x n matrices with coe [Ciehts in the Robba ring divided out by unipotent n < n
matrices with coe Lciehts in the bounded Robba ring on the left and by unipotent n =< n matrices
with coe [ciehts in the constant field on the right. We reach our definition by looking at the
analogous theory for Laurent series fields of characteristic 0 first, and reinterpreting the classical
formal logarithm in terms of [=mbdules on formal schemes. To illustrate that the new p-adic
theory is non-trivial, we show that it includes the p-adic formal logarithm as a special case.

Résumé. — En nous inspirant du travail de Besser sur I'intégration de Coleman, nous uti-
lisons les [=mbdules pour définir des intégrales curvilignes itérées sur des corps de séries de
Laurent en caractéristique p qui prennent leurs valeurs dans des doubles classes de I’espace des
matrices unipotentes de taille n < n a coe [ciehts dans I’'anneau de Robba, quotienté a gauche
par I’ensemble des matrices unipotentes & coe [ciehts dans I'anneau de Robba borné, et a droite
par les matrices unipotentes a coe Lciehts dans le corps de constantes. Nous aboutissons a cette
définition en étudiant la théorie analogue pour les corps de séries de Laurent en caractéristique 0
puis en réinterprétant le logarithme formel classique en terme de [=mbdules sur les schémas for-
mels. Pour montrer que cette nouvelle théorie p-adique n’est pas triviale, nous prouvons qu’elle
contient le logarithme formel p-adique comme cas particulier.

1. Formal iterated line integrals over Laurent series fields of characteristic zero

In order to motivate our investigations over fields of positive characteristic, first we will look
at a theory which could be justifiably considered as a formal analogue of line integrals over
Laurent series fields of characteristic zero. We will start with the formal analogue of the
logarithm, the most basic such contruction. Let k a field of characteristic 0. The formal
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110 Iterated line integrals over Laurent series fields of characteristic p

logarithm:

oo

ZI’I
log(1—2) == "~ [Qlz]
n=1
can be used to define a homomorphism:
k[t] 7k - K[t]
as follows. Every u CK[t] Can be written uniquely as:
u=c(l—w), c Ckh'w CIR[].

The infinite sum:

oo

Wn
Iog(l—w):—zﬁ
n=1

converges in the t-adic topology to a power series in k[[t], and the map:
K[t]=- k[t], u 3 log(l —w)

is a homomorphism with kernel k ™vhich we will denote by log by slight abuse of notation.
It is possible to reinterpret this construction using di Lerential algebra. Let Qﬁm/k be module

of continuous Kahler di[Cerentials of k[[t] over k, i.e. the free module over k[t] generated by
the symbol dt, where the derivation d : k[[t] - Qim/k is given by the formula

d{ Y xth | = (Y jxtt ) dt.
j=0 j=1

Then the first de Rham cohomology group

def
Har (KItD) = Qggac/dKIt]

of k[[t] is trivial. Therefore for every u CK]t] Cthere is a unique v CIR[t] such that
_ du
o

Note that v = log(u). Indeed this follows at once by di[erkntiating the infinite sum term by
term and using that d is continuous in the t-adic topology. So the relation:

dv

dlog(u) = d?u

can be used to define the formal logarithm. Next we give a geometric reformulation of this
relation using the theory of [=mbdules.

Definition 1.1. — A [=mbdule over K[t] is a pair (M, ), Where M is a finite, free K[t]-
module, and [Cisla connection on M, i.e. a k-linear map:

M~ M g Qg
satisfying the Leibniz rule

[(c¥) = c [(¥) + v [dd (Cd CK[t], v ™).
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Ambrus Pal 111

The trivial [=mbdule over k[t] is just the pair (k[t], d). A horizontal map from a [=mbdule
(M, Db another [=mbdule (MY 373 just a k[t]-linear map f : M — M such that the
following diagram is commutative:

Y 1
M M % Qk|[t]|/k

f .
f E I‘nujoh[t]vk
[ B A 1

M M "L Qg

As usual we will simply denote by M the ordered pair (M, D) wthenever this is convenient.

These objects form a k-linear Tannakian category, with respect to horizontal maps as mor-
phisms, and with the obvious notion of directs sums, tensor products, quotients and duals.
In fact this Tannakian category is neutral, and the fibre functor is supplied by the lemma
below.

Definition 1.2. — A horizontal section of a [=mbdule (M, Daver K[t] is an s [CM such
that [(S)= 0. We denote the set of the latter by M =

The following claim is very well-known:

Lemma 1.3. — For every (M, [)—ds above M ™i$ a k-linear vector space of dimension
equal to the rank of M over K[t].

Proof. — See the proof of Theorem 7.2.1 of [2]. Note that the recurrence
i
(i +DUi+1 = > NjUi-j
j=0

has a solution in our case, too, since k has characteristic zero.

Note that for every s M “there is a unique morphism from the trivial [=mbdule to (M, )1
such that the image of 1 is s. Therefore the lemma above implies that every [=mbdule over
K[t] is trivial, i.e. it is isomorphic to the n-fold direct sum of the trivial [=mbdule for some
n. In fact we get more:

Corollary 1.4. — The functor

(M, B3 M
is a k-linear tensor equivalence of between the Tannakian categories of [=mbdules over k[t]
and of finite dimensional k-linear vector spaces.

Proof. — Since it is hard to find a convenient reference, we indicate the proof for the sake of
the reader. Let F be the functor in the claim above, and let G denote the functor

V B (V LM, idy L.d)

from the category of finite dimensional k-linear vector spaces to the category of [=mbdules
over K[t]. It is easy to see that F and G are functors of k-linear tensor categories, so we only
need to see that they are equivalences of categories. Note that the k[t]-multiplication induces

a natural map
M S E ] — M
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112 Iterated line integrals over Laurent series fields of characteristic p

which is an isomorphism by Lemma 1.3. Similarly the natural map
V == (V GHpty e
given by the rule v B v L is an isomorphism.

We will need a slight variant of Lemma 1.3, taking into accounts filtrations, but this will
follow easily from Corollary 1.4.

Notation 1.5. — Let M be a [=mbdule over K[t] equipped with a filtration:
0=My My [} [M,=M

by sub [=mbdules such that the rank of M; over k[t] isri+---+rj.Setr =r;+r,+---+rp,
and equip the trivial [=mbdule T = k[t] "“With the filtration:

0=To [Ty [} CTY=T,

where
T; = k[t] CKM] =3 CK] COT—1 0l

ri+-+rj li+1++In

Lemma 1.6. — There is an isomorphism ¢ : M - T of [-mbdules such that ¢(M;) = T;
for every index i =1,2,...,n.

Proof. — By taking horizontal sections we get a filtration:
0=M M3 =M
of M EbY k-linear subspaces such that the k-dimension of M;id ry + - - +rj by Lemma 1.3.

Similarly

0=T,Hf-—+# a3 =214
is a filtration of T Fstich that the k-dimension of T;id ry +- - +r;. It is a basic fact of linear
algebra that there is a k-linear isomorphism f : M =2 T Lslich that f(M;5% T,"The
claim now follows from Corollary 1.4.

Let M and T be as in Notation 1.5. Assume now that for every index i = 1,2,...,n an
isomorphism:

@i : Mi/Mi—1 — k[t] ™
is given where K[t] is equipped with the trivial connection.

Lemma 1.7. — There is an isomorphism ¢ : M - T of [=mbdules such that ¢(M;) = T;

for every index i = 1,2,...,n and the induced isomorphism

o' : Mi/Mi—1 — Ti/Ti—1 £ kf] "+
is @;j for every index i =1,2,...,n.
Proof. — Let

(Pil:_tMi/Mi—l) :mi%i_l?l—a Tilﬁ.i?—@i/-ﬁ_l) I:ELL—F'

be the k-linear isomorphism induced by @; on horizontal sections. It is possible to choose a
k-linear isomorphism f : M == T Estich that f(M,5% T,5ahd the induced map:

M7 S T

is @,;=-above for every index i = 1,2,...,n. The claim now follows from Corollary 1.4.
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Definition 1.8. — Letr = (ry,r2,...,rn) be a vector consisting of positive integers, and
setr=ry+rp,+-.-+rn. Aframed [=mbdule of signature r is a [=mbdule (M, Daler K[t]
equipped with a k[t]-basis e1, ez, ...,er of M such that

M; = the K[t]-span of e1,€2,...,€r +.tr;

is a sub [-=mbdule, and the image of er,+..4r;_;+1, . ., €ry+..+r; IN the quotient M;j/Mj—1 is
a k-basis of (Mij/Mi—1) “—There is a natural notion of isomorphism of framed [=mbdules
of signature r, namely, it is an isomorphism of the underlying [=mbdules which maps the
k[[t]-bases to each other (respecting the indexing, too).

Definition 1.9. — Let R be a commutative ring with unity. Let U,(R) denote the group
of r < r matrices composed of blocks Ujj such that for every pair (i, j) of indices Ujj is an
ri < rj matrix with coe [ciehts in R, moreover Ujj is the identity matrix for every i and Ujj is
the zero matrix for every i > j. It is reasonable to call U,(R) the group of unipotent matrices
of rank r with coe Lciehts in R.

Remark 1.10. — Note that for every framed [=mbdule (M, L ed, es,...,e;) of signature
r as above there is a unique isomorphism:

@i : Mi/Mi—1 — k[t] ™
which maps the image of ey, +..4r;_;+1,-..,€r+...+r; Under the quotient map to the 1st,

2nd, ..., rjth basis vector of k|[t]]'i_ﬁ| respectively. Therefore there is an isomorphism ¢ :
M - T of [=mbdules such that ¢(M;) = T; and the induced isomorphism

0 Mi/Mi_1 — Ti/Ti—1 Tkjrg =
is @j for every index i = 1,2,...,n by Lemma 1.7. The matrix of ¢ in the basis e1,¢€>,...,er
is an element of U, (K[t]), unique up to multiplication on the right by a matrix in U(k). We

get a well-defined map from the isomorphism classes of framed [-mbdules of signature r into
the set U, (K[[t])/U, (k) which is obviously a bijection.

Example 1.11. — For every u CK]t] “onsider the following framed [-mbdule of signature
(1,1). Set M = K[t] L2let eq, e, be the 1st, respectively 2nd basis vector of M, and let
the unique connection of M such that

(D=0 CE=e .

u

Let @ : M £kft] = T L£kft] “be an isomorphism of the type considered above. Then
the matrix V of @ in the basis e, €5 is

V= (é ‘1’) [l 1 (kI such that

_ /0 dv\ _ 1 v\ (0 duy (o du
d°V_<o o>_V°'E'<o 1)'(0 8)‘(0 5)’
dvzduu.
So the isomorphism class of the framed [=mbdule (M, [ €4, ¢e5) in

Ucr.1y (KIED/Ur, 1y (k) Eke]/k

and hence
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114 Iterated line integrals over Laurent series fields of characteristic p

is just log(u) (modulo constants).

The point of the construction above is that we can get the family in the example above as
a pull-back of a similar type of object on the formal multiplicative group scheme over the
formal spectrum Spf(k[t]) of k[t]. This is the description which easily generalises, and which
we are going to describe next.

Definition 1.12. — Let X be a formally smooth t-adic formal scheme of finite type over
Spf(k[t]). Then X is also a formally smooth formal scheme of finite type over Spf(k) via
the map Spf(k) — Spf(K[t]) induced by the embedding k 3@ K[t]. Therefore the sheaf of
continuous Kahler diletentials Q} , is well-defined, and it is a finite, locally free formal

Ox-module. A [=mbdule over X is a pair (M, ), Where M is a finite, locally free formal
Ox-module, and [isla connection on M, i.e. a k-linear map of sheaves:

M - M 5] Q%)
satisfying the Leibniz rule

[(cd) = c [(¥) + v [dd
for every open U [Xland ¢ [I{U, Ox),v CIIU, M).

Definition 1.13. — The trivial [=mbdule over X is just Ox equipped with the di [erkntial
d:Ox - QL , £6\ [51aL,, . These notions specialise to those introduced in Definition 1.1
when X is Spf(K[[t]). Moreover horizontal maps of [=mbdules over X is defined the same way
as above. We get a k-linear category with the usual notion of direct sums, duals and tensor
products. Again we will denote by M the ordered pair (M, D) Whenever this is convenient.
Finally let M “denote the sheaf of horizontal sections of M:

r(U,M 5% {s [TIU, M) | [s)= 0.

Note that M is a trivial [=mbdule of rank n, that is, isomorphic to the n-fold direct sum of
(Ox, d), if and only if M ™4 the constant sheaf in n-dimensional k-linear vector spaces.

Definition 1.14. — It is possible to define the notion of framed [=mbdules in this more
general context, too. Let r and r be as in Definition 1.8. A framed [=mbdule over X of
signature r is a [=mbdule (M, Daler X equipped with a Ox-frame ey, €2, ...,er of M such
that

Mi = the Ox-span of e1,€,...,€r+..+r;
is a sub [=mbdule, and the image of er;+...4r;_y+1s - - -, €ry+...+r; IN the quotient M;/Mi—_1 is
a k-frame of (M;/Mj—1) =

Definition 1.15. — The notion of [=mbdules and framed [=mbdules are natural in X. Let
f : X - Y be a morphism of formally smooth formal schemes of finite type over Spf(K[t]).
The morphism f induces an Ox-linear map df : f~Q} ) -~ Q% . The pull-back (M, O

of a [=mbdule (M, D) With respect to f is f{M) equipped with the composition:
fEOOTF M) —/F5M o0} ,) LFM) oI PR ) —/Q% .,

where the first arrow is the pull-back of ["wilth respect to f, and the second is id¢ gy [o,Jdf.
The pull-back of a framed [-mbdule (M, [Lej,...,e,) of signature r on Y with respect
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to T is the pull-back "M, D equipped with the Ox-frame T5&;), ..., F&,). Since pull-
back commutes with quotients and the pull-back of horizontal sections are horizontal, this
construction is a framed [=mbdule of signature r on X.

Definition 1.16. — For every X as above let X(K[t]) denote the set of sections T :
Spf(k[t) - X. Let M = (M, [ €],...,er) be a framed [=mbdule of signature r on X.
Then for every ¥ CX(K[t]) the pull-back of M with respect to f is a framed [=mbdule of
signature r over k[[t]. Taking isomorphism classes we get a function

[ XD~ UeID/U: (9
which we will call the line integral of M.

Example 1.17. — Let X be Spf(k[t, x])). In order to give a [=mbdule on X, it is su [cieht
to give a k-linear map:
R, XD Kt XD Db Qe

satisfying the Leibniz rule, where
Qiepeqrx = KIt X1 - dt CKJE, x] - dx,
with di[erential d : K[t, X] — Qi g/ given by:

d (Z aijtixi> = (it Id dt + jay;t'xd ~tdx).
ij ij
Let e1,e, be the 1st, respectively 2nd basis vector of K[t, x]]EZ,'and let the unique
connection of k[t, x] “3$uch that

X

[(ed) =0, [ed=es :

+ X

where (1 +x)™ = 3°72,(—1)'x'. Equipped with the frame e;, e, this [=mbdule is framed of
signature (1,1). Let M denote this object. Note that sections of X - Spf(K[t]) are exactly
continuous k[t]-algebra homomorphisms § : K[[t,X] — K[t]. Every such { is determined by
P (1 + x) which must be an invertible element of k[t]. Conversely for every u LK]t] “there
is a unique such Yy : k[t,x] - Kk[t] with the property Y,(1 + x) = u. The pull-back of M
with respect to {, is just the framed [-mbdule appearing in Example 1.11. We get that the
formal line integral:

/M s XKD £kB - U1y (KL U1y (K) Tkl /k

is just the formal logarithm.

2. The p-adic logarithm for Laurent series fields of characteristic p

The perfect reference for the background material in this section and the next is Kedlaya’s
book [2].
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116 Iterated line integrals over Laurent series fields of characteristic p

Notation 2.1. — Let k a perfect field of characteristic p > 0 and let O denote the ring
of Witt vectors over k. Let v, denote the valuation on O normalised so that v,(p) = 1. For
x [Q, let X denote its reduction in k. Let " denote the ring of bidirectional power series:

r= { %xiui

Then I is a complete discrete valuation ring whose residue field we could identify with k((t))
by identifying the reduction of " x;u' with 3" x;t' (see [2, p. 263]). Let K = O[%] and E = F%;
they are the fraction fields of the rings O and I, respectively.

xi 4, lim vp(xi)zoo}.
j—»—oo

Definition 2.2. — Let Q1 be the free module over E generated by a symbol du, and define
the derivation d : E - Qi by the formula

d(ijuj) = (ijjuj_l) du.

We define the first de Rham cohomology group Hig(E) of E as the quotient QL/dE. Note
that the dlog map:

dx
xo & g0, o
X

followed by the quotient map Q — HJz(E) furnishes a homomorphism ML HJz(E) which
we will denote by dlog by slight abuse of notation.

Lemma 2.3. — The homomorphism dlog : T~ HJ, (E) factors through the reduction map
T L k(1)

Proof. — We need to show that for every x [TI-bf the form 1 — py with y 1 we have
dlog(x) CdE. Set

, = i ()"
n=1

n

Since 0 < vp(p") — vp(n) - oo as n - oo, the infinite sum above converges in the p-adic
topology, and hence z [I1is well-defined. Di[erkntiation is continuous with respect to the
p-adic topology, so

dz = (py)"'d(—py) = (1 — py)~*d(1 — py) = dlog(x).
n=1

Let dlog also denote the induced homomorphism k((t))=- HJIz(E). This map is trivial
restricted to k'for example because dlog : F=L HR(E) is trivial on O™'The basic result
about this construction is the following

Theorem 2.4. — The kernel of dlog : k((t))=5 HIz(E) is k=

Proof. — Let deg : k((t)™~ Z be the discrete valuation on k((t)) normalised so that
deg(t) = 1. We define the residue map on Q! as follows:

S xjulduB x—1, Of - K.
]
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Since there is no term of degree —1 in any exact form dx [CdE, we get a well-defined
homomorphism res: Hi(E) - K. We will need the following:

Lemma 2.5. — The diagram commutes:

K((©) 222 Hi E)

deg res

z— Ik

Proof. — Clearly res - dlog(t) = 1. Now let x CK[t]~"Then x has a lift to (") “CTt where
I+ denotes the subring

M= {%:mxiui

of I". By definition res = dlog((I"+)5'= 0. Since the group k((t))™is generated by t and k|[t]]',j
the claim now follows, as all arrows in the diagram are homomorphisms.

o

Let us return to the proof of Theorem 2.4. Let x [KI(t))~be such that dlog(x) = 0, but
x [IKI-'By the above x CK[t]"We may assume without loss of generality that x [ThH tk[t]
by multiplying x with an element of k'-Choose a lift y [(Ir+)"f x. We may assume that

y=1—au™—phum*t,

where m is a positive integer, with a CQ~4nd b [Tl.. Set

>, (au™ + bum*iyn

zz—z -

The infinite sum above converges with respect to the topology generated by the ideal (u) [J
K[ul, so z is a well-defined element of K[u].
Let R be one of the rings K[[t] and E+ = F+[%], and let Q% be the free module over R

generated by a symbol du, and define the derivation d : R - QL by the formula

d(ijuj> = (ijjuj_l> du.

Clearly Ot IIf(m. Let v [H be such that dv = dlog(y). Since dlog(y) Qi we have
v [CEL. Note that di[erentiation is continuous with respect to the (u)-adic topology, so

dz="> (au™ +bu™H"td(—au™ — bu™*?)
n=1

=@ —au™—bu™)y"1d@@ —au™ — bu™*?) = dlog(y).

Therefore dv = dz and hence v—2z [CKl. We get that z [CEl}, too. But this is a contradiction
since, if

> -
z= Zziu',
i=0
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118 Iterated line integrals over Laurent series fields of characteristic p

then vp(zmpi) = —i for every positive integer i. We can see the latter as follows. By definition:
pi—-1 m m-+1\n myp'
au™ +bu au™)P i
ZE_Z ( ) +( ) mOd (ump+1).
— n p!
n=1
In the first summand all coe Lciehts have p-adic valuation = 1 — i, while in the second the

coe [cieht of u™" has valuation —i.

Next we are going to give a slightly more convoluted variant of this construction, which
nevertheless ties it up better with the general theory of line integrals over Laurent series
fields of characteristic p.

Definition 2.6. — Let I'" denote the subring:

= {;ijiui

The latter is also a discrete valuation ring with residue field k((t)), although it is not complete
(see [2, Def. 15.1.2 and Lem. 15.1.3, p. 263]). Let ET = FT[%]. Then ET is the fraction field of

the ring I'". Similarly to the above let Qéf be the module of continuous Kéhler diLerentials
of ET, i.e. the free module over ET generated by a symbol du, equipped with the derivation

d:E" - Ql; given by
d(ijuj) = (ijjuj_l) du.
J i

We define the first de Rham cohomology group Hig (E") of ET as the quotient Q1,/dE'. Note
that the dlog map:

x; O, I_iminfvp()_(i)>0} [Tl

1>—oo —I1

dx
xB ENHL ol

followed by the quotient map Qf, — HJg(E") furnishes a homomorphism (I")™L Hig(E")
which we will denote by dlog".

Lemma 2.7. — The homomorphism dlog" : (M)™L HJz(E") factors through the reduction
map = : (M=L k((t)

Proof. — We need to show that for every x C(II'")=bf the form 1 — py with y [TT we have
dlog(x) CdE'. It will be su [cieht to prove that the element

Z:_i(pﬁ)“ T

is actually in I'". Note that E' is the ring of the bidirectional (or Laurent) expansions of
bounded holomorphic functions over K on an open annulus of outer radius 1 and inner
radius 1 — [ Hfor some [CI-(0, 1) (see [2, p. 263]). If y is such a function then the infinite sum
defining z converges with respect to the supremum norm and defines a bounded holomorphic
function over K on the annulus of outer radius 1 and inner radius 1 — [LJThe claim is now
Clear.
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Ambrus Pal 119

Let dlog" also denote the induced homomorphism k((t))™- Hig(E"). This map is trivial
restricted to k5 or example because dlog" : (F)™L Hig(E") is trivial on O Then we have
the following variant of Theorem 2.4 above:

Theorem 2.8. — The kernel of dlog" : k((t))™- HIL(ET) is k=

Proof. — Note that there is a commutative diagram:
log™
k() T HE E)
M%
HéIiR(E)v

where the right vertical map is induced by the pair of inclusions Qéf - Q% and dET — dE.
Now the claim immediately follows from Theorem 2.4.

Definition 2.9. — Let R denote the ring of bidirectional power series:
R= inui Xj I:O{l} I_iminfM>0, I_iminfwzo _
izl p i-—co —I i +oo i

(See [2, Def. 15.1.4]) Let R. denote its subring:

R+=Rn {%ﬂxiui Xi mm}

Clearly E+ Rl and ET Rl Note that we may define the continuous Kéahler di [erentials
and the first de Rham cohomology group of the rings R and R similarly to the above, and
we will use similar notation to denote them, too.

The reason we like the ring R+ is the following very well-known claim:
Lemma 2.10. — The group Hlz(R+) is trivial.

Proof. — Simply note that if 372, xju' R+ then 352, ii‘k—ilu”l also lies in R+..

Now we can tie in the contents of this section with the formal logarithm construction of the
previous section.

Definition 2.11. — Let v DZI[[t]]E.'Then dlog'(v) [CHjxz(E+). By the above the image
of this class under the natural map Hlz(E+) — HJIz(R+) is trivial, so there is a w R
such that dw = dlog(v), unique up to adding an element of E.. It is reasonable to denote
the class of this element in R4/E+ by log'(v) in light of the above. The resulting map
log" : K[t] M, R, /E. is a homomorphism with kernel k-

Remark 2.12. — There is an obstruction to extend this construction to the whole k((t))5’
taking values in R/ET, namely the residue map. Indeed similarly to the construction in the
proof of Theorem 2.4, there is a residue map on Qéf given by

S xjulduB x—1, QO - K,
]
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120 Iterated line integrals over Laurent series fields of characteristic p

moreover we have a similar map for Q%, and these maps are compatible with the inclusions
Qf; COE and Q. [CQOk. Since there is no term of degree —1 in any exact form, we get
well-defined homomorphisms res: HjR(ET) - K and res: Hle(R) - K. From Lemma 2.5 we
get that the diagram commutes:

() T H € —IHER(R)
deg res

z— K.

res

On the other hand the map

res: Hix(R) —— K
is an isomorphism by the lemma below, so dlog’(v) is integrable if and only if v CK[t]"
Lemma 2.13. — The map res: HjR(R) —- K is an isomorphism.
Proof. — The map is obviously surjective. In order to see injectivity, simply note that if
Simgiz—1 Xiu' CR then Y pg—1 ppu'™ ! also lies in R.

i+1

3. Iterated p-adic line integrals over Laurent series fields of characteristic p

Definition 3.1. — Let R be one of the rings E+, E, E", R4 or R. A [=mbdule over R is a
pair (M, D), Where M is a finite, free R-module, and [Cisla connection on M, i.e. a K-linear
map:
WM - M gD
satisfying the Leibniz rule
() =clx@+v (Cd [R,v [M).

The trivial [=mbdule over R is just the pair (R,d). A horizontal map from a [=mbdule
(M, Db another [=mbdule (MY s just a R-linear map ¥ : M - MUsuch that the
following diagram is commutative:

M —"—IM gl

R
f fmglR
M-Im0k .

As usual we will simply denote by M the ordered pair (M, D) whenever this is convenient.

Definition 3.2. — Now let R [CRi'be two rings from the list above and let (M, [)He a
[-mbdule over R. Let [Zhk the unique connection:

[CM [RR™— (M [RR rR-EM [RDE) R
such that
[({m [r3¥) = (MIg3+m [gds, (Cmh [CM, (s [R).
Then the couple (M [RRY [Jds a [=mbdule over RPwhich we will denote by M [rR"”

for simplicity and will call the pull-back of M onto RY Moreover for every homomorphism
h: M - MUof [=mbdules over R the R linear extension h [gitlro: M [RRY - MYLrRis
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a morphism of [=mbdules over R" These objects form a K-linear Tannakian category, with
respect to horizontal maps as morphisms, and with the obvious notion of directs sums, tensor
products, quotients and duals. Note that we may define similar notions for the integral rings
M+, and I by substituting K-linearity with O-linearity.

Definition 3.3. — A horizontal section of a [=mbdule (M, Ddver R is an s [CM such
that [{S)] = 0. We denote the set of the latter by M E—Note that for every s M “there
is a unique morphism from the trivial C=mbdule to (M, [slich that the image of 1 is s. Of
course a [=mbdule over R is trivial if it is isomorphic to the n-fold direct sum of the trivial
[C=mbdule for some n (over R).

Note that any reasonable version of Lemma 1.3 is false; in fact there is a [=mbdule over
E+ whose pull-back to R is not trivial. (In fact the basic counterexample is very simple; it
corresponds to the di[erential equation yP=y. For a further explanation see [2, Ex. 0.4.1])
However the analogue of the framed version (Lemma 1.7) is true, at least over R... We are
going to formulate this claim next.

Notation 3.4. — Letr = (ry,r2,...,m) be a vector consisting of positive integers, and set
r=ry+r;+---+rpn, as in Definition 1.8. Let M be a [-mbdule over R equipped with a
filtration:

0=My M, 3 [M,=M
by sub [=mbdules such that the rank of M; over Risry+ - -+rj. Setr =ry+ry+---+rp,
and equip the trivial [=mbdule T = R ™ith the filtration:

0=To [TJ [} CTY =T,

where
Ti=R [RI=} CRICOT -1 [Tl
ri+e-+ri Fie1+-+rn
Also assume that for every index i = 1,2,...,n an isomorphism of [=mbdules:

0 : Mi/Mi—l - RL[—i"

is given where R is equipped with the trivial connection. We will call such objects (consisting
of (M, O, 1he filtration My My [} [CM,, and the isomorphisms ;) filtered [=mbdules
of signature r. There is a natural notion of isomorphism of filtered [=mbdules of signature
r, namely, it is an isomorphism of the underlying [=mbdules which maps the filtrations to
each other, and identifies the isomorphisms ;.

Now let (M, [, M;, ;) be a filtered [-mbdule of signature r and let (T, T;) be as above.

Lemma 3.5. — Assume that R = R.. Then there is an isomorphism ¢ : M - T of
[=mbdules such that ¢(M;) = T; and the induced isomorphism

o' : Mi/Mi—y — Ti/Ti—y £(R,) ™
is @; for every index i =1,2,...,n.

It will be simpler to introduce some additional definitions before we give the proof of the
lemma above.
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122 Iterated line integrals over Laurent series fields of characteristic p

Definition 3.6. — Let r = (ry,r2,...,rn) be a vector consisting of positive integers, and
setr=ry+ry+.--+rn. Aframed [=mbdule of signature r (over R) is a [=mbdule (M, D)1
over R equipped with an R-basis e1, ez,...,€er of M such that

M; = the R-span of eq,€2,...,€r +..tr;

is a sub [=mbdule, and the image of er;+...4r;i_y+1,- -, €r;+...+r; IN the quotient M;/Mi—1 is
a k-basis of (Mj/M;—1) =—There is a natural notion of isomorphism of framed [=mbdules of
signature r in this setting, too.

Proof of Lemma 3.5. — We are going to prove the claim by induction on n. Thecase n = 1 is
obvious. Assume now that the claim holds for n — 1. Note that (M;/M;—1) “spans M;/M;_1
as an R4-module, since the latter is a trivial [=mbdule. Also note that M is a free R4-
module. Therefore we may choose a R.--basis e1, €2, ..., er of M such that M; is the R..-span
of e1,...,er+..+r;, and (M, Dehuipped with this basis is a framed [-mbdule of signature
r. By the induction hypothesis we may assume that eq,...,€er,+..+r,_, are horizontal. Let
e1, ez, ...,er is the 1st, 2nd, etc. basis vector of T. We may also assume without loss of
generality that @; maps the image of er,+...4r;_y+1, ..., €ry+..+r; Under the quotient map to
the image of er;+...+r;_y+1, - - . » €r;+..+r; UNder the quotient map for every i =1,...,n.

Let C be the matrix of the connection [id the R.-basis e,...,er, that is, for every
S1,S2,...,Sr R+ we have:

[(sdey + - +srer) =eq [ddy +-- +er [ddy + (S1€1,- - ,Srer) - C,

where the - in the last term denotes the row-column multiplication with respect to the tensor
product. Then C is an r < r matrix with coe Lciehts in O  composed of blocks Cjj such
that for every pair (i, j) of indices Cij is an ri < rj matrix with coe Lciehts in QF ,» and Cj;
is the zero matrix unless i =1 and j = n.

By Lemma 2.10 there is a matrix U of rank r with coe Lciehts in R such that dU = C and
Uij is the zero matrix unless i =1 and j = n. Consider R+-linear map ¢ : M — T given by:

Q(A1e1 + -+ Arer) = (A1e1, -, Arer) - (1 +U)

for every A1, ..., Ar R4, where | is the r < r identity matrix and - denotes the row-column
multiplication here. It is the isomorphism of [=mbdules we are looking for.

Definition 3.7. — Now let (M, L My,..., My, ¢1,...,0,) be a filtered [=mbdule of signa-
ture r over E+. We may choose an E.-basis e1,€ey,...,er of M such that M; is the E4-span
of e1,...,er+..+r;, and (M, Dehuipped with this basis is a framed [-mbdule of signature
r. By Lemma 3.5 above there is an isomorphism ¢ : M IR+ — T of [=mbdules over R+
such that ¢(M; [ IR4+) = T; and the induced isomorphism

¢ : M [EIR+/Mi—y LR E+Mi/Miy) [EIRy — Ti/Tioy LRI

is @i Ceddr, for every index i = 1,2,...,n. The matrix of @ in the basis e; [g11,e; [ 1
1,...,er L1l is an element of Uy (R+), unique up to multiplication on the right by a matrix
in Uy (K), corresponding to an automorphism of the [=mbdule T respecting its filtration and
the horizontal bases on the Jordan-Hdélder components, and up to multiplication on the left
by a matrix in U, (E+), corresponding to a change of the basis ey, ..., e,. We get a well-defined
map from the isomorphism classes of framed [-mbdules of signature r over E. into the set
Ur(E+)\Ur(R+)/U((K) of double cosets.

Publications mathématiques de Besancon — 2017



Ambrus Pal 123

Definition 3.8. — Write O = O/(p"*1). For a topologically finitely generated I, -algebra
A, with reductions A, = A/(p"*1), we let

def . 1
= lim Q4 /0,

Nn - oo

Qhso
be the module of p-adically continuous diLerkentials. The limit of the diLerentials of A, over
On furnishes a p-adically continuous dilerential d : A - QlA,O. When A = 'y, = OJu]
then Q%)[u]l/O is the free Ofu]-module of rank one generated by the symbol du. Let X be a
formally smooth u-adic formal scheme of finite type over Spf(I's+.). Then we may define the
p-adically continuous Kahler dilerkentials Q%(/o by patching, and it is a finite, locally free
formal Ox-module, equipped with a di[erential d : Ox — Q%(/o-

Definition 3.9. — Let X be as above. A [=mbdule over X is a pair (M, ), Where M is
a finite, locally free formal Ox-module, and [CiSla connection on M, i.e. an O-linear map of
sheaves:

M - M [5]0%,0
satisfying the Leibniz rule

[t =cl(x)+v
for every open U [Xland ¢ [IT{U, Ox),v CIIU, M).

Definition 3.10. — The trivial [=mbdule over X is just Ox equipped with the di [erkntial
d:Ox - Qk,o £k [610Q%,,. Moreover horizontal maps of [=mbdules over X is defined
the same way as above. We get a K-linear category with the usual notion of direct sums,
duals and tensor products. Again we will denote by M the ordered pair (M, D) Whenever
this is convenient. Finally let M Tdenote the sheaf of horizontal sections of M:

r(U,M 5% {s [TU, M)| [(5)1 = 0}.

Note that M is a trivial C=mbdule of rank n, that is, isomorphic to the n-fold direct sum of
(Ox, d), if and only if M ™4 the constant sheaf in rank n free O-modules. It is possible to
define the notion of filtered and framed L[-mbdules in this more general context, too. We will
leave the details to the reader.

Definition 3.11. — The notion of [=mbdules and framed [=mbdules are natural in X. Let

f : X - Y be a morphism of formally smooth formal schemes of finite type over Spf(I'+).
The morphism f induces an Ox-linear map df : 50} ) - Q5. The pull-back fM, O
of a [=mbdule (M, DWith respect to T is M) equipped with the composition:

FIODF (M) —/F M [510},0) M) o1 10}, 0) —/9% 0.

where the first arrow is the pull-back of [Cwilh respect to f, and the second is id¢ray Lo Jdf.
The pull-back of a filtered [=mbdule (M, CM;y,..., M, @1,...,¢,) of signature r on Y
with respect to f is the pull-back XM, D ehuipped with the filtration f5M,), ..., f5M,),
i), ..., F5y). Since pull-back commutes with quotients and the pull-back of horizontal
sections are horizontal, this construction is a filtered [-=mbdule of signature r on X.
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Definition 3.12. — For every X as above let X (I"+) denote the set of sections f : Spf(I's+.) —
X.LetM = (M, LMy,...,My,01,...,0¢) be afiltered C=mbdule of signature r on X. Then
for every ¥ [XI(I"+) the pull-back of M with respect to T is a filtered [=mbdule of signature
r over . By applying the functor - [ E. we get a filtered [=mbdule of signature r over E..
By taking isomorphism classes and using the construction in Definition 3.7 we get a function

/M :X(M4) = UpE+)\Up(R+)/Up(K)
which we will call the line integral of M.

Example 3.13. — Let X be Spf(O[u, x]). In order to give a [=mbdule on X, it is su [cieht
to give a O-linear map:

C=O[u,x] “ - Ofu, x]™* Top 4 QB [ux}/0
satisfying the Leibniz rule, where

QlO[[u,x]I/O = Ofu, x] - du COJu, x] - dx,
with di Lerential d : Ofu, X] - Q%)[u,x]]/o given by:

d (Z aijuixj) = Z(iaijui_lxjdu + jajjuxd~tdx).
ij ij

Let e1,ey be the 1st, respectively 2nd basis vector of O|[u,x]]E2,jand let the unique
connection of Ofu, x] "*Buch that

X

[ed) =0, [ed=es :

+ X

where (1 + x)™ = 32%2,(—1)'x'. Equipped with the frame ey, e, this [=mbdule is framed of
signature (1, 1). Let M denote this object. Note that sections of X — Spf(O[u]) are exactly
continuous Ofu]-algebra homomorphisms @ : Ofu,x] — O[u]. Every such @ is determined
by y(1 + x) which must be an invertible element of O[u]. Conversely for every v CQ[u]™
there is a unique such Yy : Ofu, X] — O[u] with the property (1 + x) = v. The pull-back
of M with respect to (s, is the framed [=mbdule, where M = O[u] "% 'the frame ey, e is the
1st, respectively 2nd basis vector of M, and [islthe unique connection of M such that

E) =0, CEd=e .

Let 9 : M [E1R: £ R 7 £ R e an isomorphism of the type considered in
Definition 3.7 above. Then the matrix V of ¢ in the basis e; [ 1R+,e; [ 1R is

1 w

V= (0 1) [y 1(R.) such that

6= %)

o
0
<
Il

and hence
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So the invariant of the framed [=mbdule (M, [, &4, e,) is log'(v), i.e. we get that the p-adic
line integral:

/M : X (O[ul) £0lul =~ Ug 1y (E+)\U 1y (R+) U1 1y(K) LENR-
is just the p-adic logarithm.

Concluding remarks. — What we have described is just the beginning of a theory, barely
setting up the formalism to state less trivial results. However the simple, but key idea is
already present: we should think of line integrals as fibre functors (or isomorphisms between
them), but the functor should take values in a non-trivial Tannakian category, such as [=_1
modules over E.. One of the main reasons to carry this theory further is to study rational
points on varieties over k((t)) which can be seen as follows.

Let X denote the special fibre of X, that is, its base change to Spec(k[t]). It is a smooth
scheme of finite type over Spec(k[t]). We have a reduction map r : X(I'+) - X(K[t]).
Assume that (M, )13 integrable, i.e. the curvature of [_dkfined completely analogously to
the classical construction is trivial. Then the map [y, factors through r : X(I'+) - X(K[t]),
that is, there is a map

XKID —— UrENUr(R+)/Ur(K),

necessarily unique, whose composition with the reduction map r is the line integral of
M. Clearly we need to show the following: let s;,s, [X(I'+) be two sections such that
r(sy) = r(sz). Then the base changes of the filtered [=mbdules s{{M) and s;(M) to E.
are isomorphic. The latter can be proved in the usual way, using Grothendieck’s equivalence
between integrable [=mbdules and crystals.

The natural next step is to study k[t]-valued points of smooth projective curves over
Spec(k[t]) via these line integrals. These have smooth, proper formal lifts to I+, and we
may look at the universal n-unipotent (and integrable) [=mbdules on these lifts, similarly
to Besser’s work (see [1]). The natural expectation is that the map which we get this way
is independent of the formal lift to I, it is injective on residue disks, and it is possible to
prove a suitable analogue of the main result of Kim’s article [3, Thm. 1]. Combined with the
global methods of the paper [4], we are set to give a new proof of the Mordell conjecture over
global function fields along the lines of Kim’s method. We plan to carry out this program in
a forthcoming publication. Finally, let me also add that such a theory should exists also for
analytic varieties, in the sense of Huber, over the adic spectrum of (E+, I"+), and it is perhaps
the natural setting, too.

Acknowledgement. — | wish to thank Amnon Besser and Chris Lazda for some useful
discussions related to the contents of this article, and the referee for his comments. The
author was partially supported by the EPSRC grant P36794.

References

[1] A. BESSER, “Coleman integration using the Tannakian formalism”, Math. Ann. 322 (2002), no. 1,
p. 19-48.

[2] K. S. KEDLAYA, p-adic di Lerkntial equations, Cambridge Studies in Advanced Mathematics, vol.
125, Cambridge University Press, 2010, xvii+380 pages.

Publications mathématiques de Besancon — 2017



126 Iterated line integrals over Laurent series fields of characteristic p

[3] M. KM, “The unipotent Albanese map and Selmer varieties for curves”, Publ. Res. Inst. Math.
Sci. 45 (2009), no. 1, p. 89-133.

[4] C. LazpA, “Relative fundamental groups and rational points”, Rend. Semin. Mat. Univ. Padova
134 (2015), p. 1-45.

AMBRUS PAL, Department of Mathematics, 180 Queen’s Gate, Imperial College, London, SW7 2AZ, United
Kingdom e E-mail : a.pal@imperial.ac.uk

Publications mathématiques de Besancon — 2017



	1. Formal iterated line integrals over Laurent series fields of characteristic zero
	2. The p-adic logarithm for Laurent series fields of characteristic p
	3. Iterated p-adic line integrals over Laurent series fields of characteristic p
	References

